Abstract: In this paper, we introduce the certain contractive conditions for mappings which are weaker than rational type contractions and we assure the PPF dependent fixed point theorems in the Razumikhin class for such mappings in Banach spaces. Furthermore, the PPF dependent fixed point theorems in the Razumikhin class for such mappings in partially ordered Banach spaces are proven.
Introduction and Preliminaries
The fixed point theory plays an important role and it has been continually studied for decade (see [1] , [4] , [8] , [9] , [10] , [11] , [13] , [14] , [17] and references contained therein). Bernfeld et al. [2] proved the existence of a PPF (past, present and future) dependent fixed point in the Razumikhin class for a mapping T whose domain is the Banach space of continuous mappings defined on an interval [a, b] with range in a Banach space E and the range of T is in E.
Afterward, there are many researchers assured the existence of PPF dependent fixed point theorems for mappings satisfying the weaker contractive conditions (see, for examples, [4] , [5] , [6] , [12] , [18] ). In 2007, Drici et al. [5] proved the PPF dependent fixed point results in partially ordered metric spaces. Dass and Gupta [3] and Jaggi [7] proved the fixed point theorems for mappings satisfying rational contractive type conditions. Recently, Sintunavarat and Kumam [18] , proved the PPF dependent fixed point theorems in the Razumikhin class for rational type contractions in Banach spaces.
In this paper, we introduce the certain contractive conditions for mappings which are weaker than rational type contractions and we assure the PPF dependent fixed point theorems in the Razumikhin class for such mappings in Banach spaces. Furthermore, the PPF dependent fixed point theorems in the Razumikhin class for such mappings in partially ordered Banach spaces are proven.
Suppose that E is a Banach space with the norm · E and I is a closed interval [a, b] in R. Let E 0 = C(I, E) be the set of all continuous E-valued mappings on I equipped with the supremum norm · E 0 defined by
for all φ ∈ E 0 . For a fixed element c ∈ I, the Razumikhin class of mappings in E 0 is defined by
Recall that a point φ ∈ E 0 is said to be a PPF dependent fixed point or a fixed point with PPF dependence of T : E 0 → E if T φ = φ(c) for some c ∈ I. Definition 1. Let K be a subset of E. Then (i) K is said to be topologically closed with respect to the norm topology if for each sequence {x n } in K with x n → x as n → ∞ implies x ∈ K.
(ii) K is said to be algebraically closed with respect to the difference if x−y ∈ K for all x, y ∈ K.
Recently, Sintunavarat and Kumam [18] , introduced the definition of rational type contractions and proved the PPF dependent fixed point theorems in the Razumikhin class for such mappings in Banach spaces.
Definition 2. A mappings T : E 0 → E is called a rational type contraction if there exist real numbers a, b ∈ [0, 1) with a + b < 1 satisfying
for all φ, α ∈ E 0 and for some c ∈ I.
Theorem 3. ( [18] ) Suppose that T : E 0 → E is a rational type contraction. Assume that R c is topologically closed with respect to the norm topology and is algebraically closed with respect to the difference. Then T has a unique PPF dependent fixed point in R c .
In 2007, Drici et al. [5] proved the following the fixed point theorems in partially ordered metric spaces for mappings with PPF dependence. 
(iv) T is a continuous mapping or if {φ n } is a nondecreasing sequence in E 0 converging to φ ∈ E 0 , then φ n ≤ φ for all n ∈ N.
Then T has a PPF dependent fixed point in E 0 .
In this paper, we use the following notations.
ψ n (t) < ∞, for all t ∈ (0, +∞)} and
is continuous nondecreasing with ψ(t) < t for all t ∈ (0, +∞)}.
Remark 5. Since every nondecreasing mapping is differentiable almost everywhere (see [15] ), we observe that the nondecreasing condition is closed to the continuity and it is restrictive. Lemma 6. [16] Suppose that ψ : [0, +∞) → [0, +∞). If ψ is nondecreasing, then for each t ∈ (0, +∞), lim n→∞ ψ n (t) = 0 implies ψ(t) < t.
Remark 7.
(i) It is easily seen that if ψ : [0, +∞) → [0, +∞) is nondecreasing and ψ(t) < t for all t ∈ (0, +∞), then ψ(0) = 0.
(ii) We can see that if ψ : [0, +∞) → [0, +∞), ψ(t) < t for all t ∈ (0, +∞) and ψ(0) = 0, then ψ is continuous at 0.
In this paper, we introduce the certain contractive conditions for mappings involving two families Ψ 1 and Ψ 2 which are weaker than rational type contractions and we assure the PPF dependent fixed point theorems in the Razumikhin class for such mappings in Banach spaces. Furthermore, the PPF dependent fixed point theorems in the Razumikhin class for such mappings in partially ordered Banach spaces are proven. Our results generalized the results proved by [18] .
PPF Dependent Fixed Points for Rational Type Contractions in Banach Spaces
We now prove the PPF dependent fixed point theorems for mappings satisfying the generalized contractive conditions concerning with ψ ∈ Ψ 1 .
Theorem 8.
Suppose that ψ ∈ Ψ 1 and T : E 0 → E satisfies the following condition:
for all φ, α ∈ E 0 . Assume that R c is topologically closed with respect to the norm topology and algebraically closed with respect to the difference. Then T has a unique PPF dependent fixed point in R c .
Proof. Let φ 0 ∈ R c . Since T φ 0 ∈ E, we can choose φ 1 ∈ R c such that
Similarly, since T φ 1 ∈ E, we can choose φ 2 ∈ R c such that
By continuing the process as before, we can construct the sequence {φ n } in R c such that
for all n ∈ N ∪ {0}. For each n ∈ N, we obtain that
By induction, we obtain that
Fix ε > 0. This implies that there exists N ∈ N such that
For each m, n ∈ N with m > n > N, we obtain that
This implies that {φ n } is a Cauchy sequence. By the completeness of E 0 , we have lim n→∞ φ n = φ for some φ ∈ E 0 and
Since R c is algebraically closed with respect to the norm topology, we have φ ∈ R c . We next prove that φ is a PPF dependent fixed point of T . Using (4), we obtain that
for all n ∈ N. Since ψ is continuous at 0 and
It follows that T φ − φ(c) E = 0 and therefore T φ = φ(c). Hence φ is a PPF dependent fixed point of T in R c . Suppose that α is any PPF dependent fixed point of T in R c . Therefore
This implies that φ − α E 0 = 0 and so φ = α. Hence T has a unique PPF dependent fixed point of T in R c .
We next prove the fixed point results for mappings satisfying generalized rational type contractions where ψ ∈ Ψ 2 . Theorem 9. Suppose that ψ ∈ Ψ 2 and T : E 0 → E satisfies the following condition:
Proof. As in the proof of Theorem 8, we can construct a sequence {φ n } in R c such that
for all n ∈ N ∪ {0}. Assume that φ n−1 = φ n for some n ∈ N. It follows that φ n−1 (c) = φ n (c) = T φ n−1 . Therefore T has a fixed point in R c . Suppose that φ n−1 = φ n for all n ∈ N. For each n ∈ N, we obtain that
It follows that { φ n − φ n+1 E 0 } is a nonincreasing sequence of nonnegative real numbers and so it is a convergent sequence. Suppose that
for some nonnegative real number α. We will prove that α = 0. Suppose that α > 0. Since
for all n ∈ N and by the continuity of ψ, we have α ≤ ψ(α) < α which leads to a contradiction. This implies that α = 0. We next prove that the sequence {φ n } is a Cauchy sequence in E 0 . Assume that {φ n } is not a Cauchy sequence. It follows that there exist ε > 0 and two sequences of positive integers {m k } and {n k } satisfying m k > n k > k for each k ∈ N and
Let {m k } be the sequence of the least positive integers exceeding {n k } which satisfies (6) and
We will prove that lim k→∞
For each k ∈ N, we obtain that
This implies that lim
Similarly, we can prove that
and lim
Since R C is algebraically closed with respect to the difference, for each k ∈ N, we obtain that
By taking the limit of both sides, we have ε ≤ ψ(ε) < ε, which leads to a contradiction. It follows that the sequence {φ n } is a Cauchy sequence. By the completeness of E 0 , we have lim n→∞ φ n = φ for some φ ∈ E 0 and lim
Since R c is algebraically closed with respect to the norm topology, we have φ ∈ R c . We will prove that φ is a PPF dependent fixed point of T . Using (5), we obtain that
for all n ∈ N. Taking the limit as n → ∞, since ψ is continuous, we obtain that T φ − φ(c) E = 0 and therefore T φ = φ(c). Hence φ is a PPF dependent fixed point of T . Suppose that α is any PPF dependent fixed point of T in R c . Therefore
By applying Theorem 9, we obtain the following corollary.
Corollary 10. Suppose that ψ ∈ Ψ 2 and T : E 0 → E satisfies the following condition:
for all φ, α ∈ E 0 where k ∈ [0, 1). Assume that R c is topologically closed with respect to the norm topology and algebraically closed with respect to the difference. Then T has a unique PPF dependent fixed point in R c .
Proof. Define a function ψ : [0, +∞) → [0, +∞) by ψ(t) = kt for all t ∈ [0, +∞). Thus ψ is a continuous nondecreasing mapping and ψ(t) < t, for all t ∈ (0, +∞).
It follows that all assumptions in Theorem 9 are satisfied. Hence the proof is complete.
We immediately obtain the following corollary proved by Sintunavarat and Kumam [18] .
Corollary 11.
[18] Suppose that T : E 0 → E is a rational type contraction. If R c is topologically closed with respect to the norm topology and algebraically closed with respect to the difference, then T has a unique PPF dependent fixed point in R c .
PPF Dependent Fixed Points for Rational Type Contractions in Partially Ordered Banach Spaces
In this section, we prove the fixed point results for mappings satisfying the generalized contractive conditions in a partially ordered Banach space (E, ≤).
Theorem 12.
Suppose that ψ ∈ Ψ 1 and T : E 0 → E satisfies the following conditions:
(i) T is a nondecreasing mapping;
(ii) for all φ, α ∈ E 0 with α ≤ φ, we have
(iii) there exists a lower solution φ 0 ∈ R c such that φ 0 (c) ≤ T φ 0 ;
(iv) T is a continuous mapping.
Assume that R c is topologically closed with respect to the norm topology and algebraically closed with respect to the difference. Then T has a PPF dependent fixed point in R c .
Proof. Since φ 0 ∈ R c and T φ 0 ∈ E, there exists x 1 ∈ E such that T φ 0 = x 1 . Choose φ 1 ∈ R c such that x 1 = φ 1 (c). Since φ 0 ∈ R c is a lower solution such that φ 0 (c) ≤ T φ 0 , we obtain that φ 0 ≤ φ 1 . By the algebraic closedness with respect to difference of R c , we have
Using the fact that T is nondecreasing, we obtain that
By the analogous proof as in Theorem 8, we have {φ n } is a Cauchy sequence. By the completeness of E 0 , we have lim n→∞ φ n = φ for some φ ∈ E 0 and
Since R c is algebraically closed with respect to the norm topology, we have φ ∈ R c . Using the continuity of T , we obtain that lim n→∞ T φ n = T φ. By the uniqueness of the limit, we have T φ = φ(c). Hence φ is a PPF dependent fixed point of T .
Theorem 13. Suppose that ψ ∈ Ψ 1 and T : E 0 → E satisfies the following conditions:
(iv) if {φ n } is a nondecreasing sequence in E 0 converging to φ ∈ E 0 , then φ n ≤ φ for all n ∈ N.
Proof. As in Theorem 12, we construct a nondecreasing sequence {φ n } in R c converging to φ ∈ R c . This implies that φ n ≤ φ for all n ∈ N. Therefore
It follows that T φ − φ(c) E = 0 and therefore T φ = φ(c). Hence φ is a PPF dependent fixed point of T .
Theorem 14.
Suppose that ψ ∈ Ψ 2 and T : E 0 → E satisfies the following conditions:
(ii) for all φ, α ∈ E 0 with α ≤ φ, we have T φ − T α E ≤ ψ max φ − α E 0 , φ(c) − T φ E α(c) − T α E 1 + T φ − T α E ;
Proof. As in Theorem 12, can we construct a sequence {φ n } in R c such that T φ 0 = φ 1 (c) ≤ T φ 1 = φ 2 (c) ≤ · · · ≤ T φ n = φ n+1 (c) ≤ T φ n+1 · · · , φ n ≤ φ n+1 and φ n − φ n+1 E 0 = φ n (c) − φ n+1 (c) E , for all n ∈ N ∪ {0}. Assume that φ n−1 = φ n for some n ∈ N. It follows that φ n−1 (c) = φ n (c) = T φ n−1 . Therefore T has a fixed point in R c . Suppose that φ n−1 = φ n for all n ∈ N. For each n ∈ N, we obtain that φ n − φ n+1 E 0 = φ n (c) − φ n+1 (c) E = T φ n − T φ n−1 E ≤ ψ max φ n − φ n−1 E 0 , φ n (c) − T φ n E φ n−1 (c) − T φ n−1 E 1 + T φ n − T φ n−1 E = ψ max φ n − φ n−1 E 0 , φ n (c) − φ n+1 (c) E φ n−1 (c) − φ n (c) E 1 + φ n+1 (c) − φ n (c) E ≤ ψ max φ n − φ n−1 E 0 , φ n−1 (c) − φ n (c) E = ψ max φ n − φ n−1 E 0 , φ n−1 − φ n E 0 = ψ φ n − φ n−1 E 0 < φ n − φ n−1 E 0 .
By an analogous proof as in Theorem 9, we obtain that lim n→∞ φ n − φ n+1 E 0 = 0 and lim n→∞ φ n = φ for some φ ∈ R c .
Therefore lim
n→∞ T φ n = lim n→∞ φ n+1 (c) = φ(c).
Using the continuity of T , we obtain that lim n→∞ T φ n = T φ. By the uniqueness of the limit, we have T φ = φ(c). Hence φ is a PPF dependent fixed point of T .
